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s = σ − µ∂xu, ‖v‖2ω =
∫
Ω























un+1h − 2unh + un−1h
∆t2













A σn+1h − A sn+1h + B∗ un+1h = 0,
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{ ‖uh‖2Mu = (Muuh, uh) = uthMuuh, ∀uh ∈ L2h,0,
‖sh‖2Ms = (Mssh, sh) = sthMssh, ∀ sh ∈ L2h, 12 .yhGwIyWuvj¦Wpgjr ¥ £
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= (A−1 + M−1s )
−1.
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ρj+ 12 |uj+1 − uj |








(ρj+ 12 + ρj−
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u(t = 0) = u0 ; σ(t = 0) = σ0 ;
∂u
∂t




















Mτ s + M ∂ts = ε(∂tu),
iÄkB
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s(t = 0) = s0 = σ0 − Cε(u0)
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Ml,τ sl + Ml ∂tsl = ε(∂tu), ∀l = 1, · · · , L,
Al σl −Al sl = ε(u), ∀l = 1, · · · , L,
iÄk2%l
&,&#/
Ml = (Dl − Cl)−1, Ml,τ = τ−10,l Ml, Al = C−1l , ∀l = 1, · · · , L.
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  n))n, H = L2(Ω;L(   n)),iÄkIk%l
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X = {σ ∈ H / "K9\ σ ∈ M}i²kWl
j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Xsym = {σ ∈ X / σ ∈ Lsym(   n)}.iÄk%Sl
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ũ ∈ M ¶B¤ iÄkB
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s̃ ∈ Xsym ¶D¤(i²ki.lZ|s σ̃ ∈ Xsym j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(u(t), ũ) − b(ũ, σ(t)) = (f, ũ), ∀v ∈ M,






b(u(t), s̃) = 0, ∀s̃ ∈ Xsym,



































M s : s̃ dx, ∀(s, s̃) ∈ H × H,
mτ (s, s̃) =
∫
Ω











σ.u dx, ∀(u, σ) ∈ M × H.iÄkI%l
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Mh ⊂ M, Xh ⊂ X, Xhsym = Xh ∩ Xsym.
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ρ(uh, ũh) − b(ũh, σh) = (f, ũh), ∀ũh ∈ Mh,






b(uh, s̃h) = 0, ∀s̃h ∈ Xhsym,
a(σh, σ̃h) − a(sh, σ̃h) + b(uh, σ̃h) = 0, ∀σ̃h ∈ Xhsym.
i^g.l
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Xh




Mh = {uh ∈ M / ∀K ∈ Th, uh|K ∈ Q0},
Xh = {σh ∈ X / ∀K ∈ Th, σh|K ∈ Q1},
Xh













































i 6= j l  szy~rxji~  jip}  nojiuvnxwzy~ xi j
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Mτ σh : σ̃h,













f(x), ∀ f ∈ C0(K) ju Ks = {x ∈   n / x ~vwzh0h0ju  j K}.
ynoyWuvw  pgnou
BN1 = {ωi / i = 1, · · ·N1}
iÄji~v|µ§
BN2 = {φi / i = 1, · · ·N2}




sym l,szj] N1 = dim Mh iÄji~v|µ§ N2 = dim Xhsym l8§ywIy~vn  fivj Uh = (U1, · · · , UN1)
¶
Ph = (S1, · · · , SN2)
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− BΣh = F,
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(Mu)i,j = ρh(ωi, ωj), 1 ≤ i, j ≤ N1,
(Mτ )i,j = mτ h(φi, φj), 1 ≤ i, j ≤ N2,
(Ms)i,j = mh(φi, φj), 1 ≤ i, j ≤ N2,
(A)i,j = ah(φi, φj), 1 ≤ i, j ≤ N2,
(B)i,j = bh(ωi, φj), 1 ≤ i ≤ N1, 1 ≤ j ≤ N2,
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2 = (n + 12 )∆t
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Un+1h − 2Unh + Un−1h
∆t2













A Σn+1h − A Sn+1h + B?Un+1h = 0.
i^I+l
y j
hs¦Wpgj¦Wp ¥ wzy |Kj



























Un+1h − 2Unh + Un−1h
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[‖∂tu‖2ρ + ‖ε(u)‖2C + ‖s‖2Z−1 ]


































































‖uh‖2ρh = ρh(uh, uh) ∀ uh ∈ Mh,
‖sh‖2mh = mh(sh, sh) ∀ sh ∈ Xh
sym.
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[‖∂tu‖2ρ + ‖ε(u)‖2C ]
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‖sn+1h ‖2mh + ‖s
n
h‖2mh
] e	  ,	  k,&&	  
sh
    ,	/0 &0'	/	  P




&  )  $+	k/0&'	  









0   k(&0  	  
O(∆t2)
5  &
/  +H&	 	  "/0 3 	




[-IJº 	&AJ   : /;   &V	  P*) "$	k	/    ,&	 3g 
En+
1








































un+1h − 2unh + un−1h
∆t2






, s̃h) + mh(
sn+1h − snh
∆t
, s̃h) + bh(
un+1h − unh
∆t
, s̃h) = 0 ∀ s̃h ∈ Xhsym,
ah(σ
n+1
































































, σnh) = bh(
un+1h − un−1h
2∆t




























































‖sn+1h + snh‖2mτ h +
1
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, snh + s
n−1
h ) = 0.
iSSl
y  £i
























, snh + s
n−1
h ) = −bh(
unh − un−1h
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2 − En− 12
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(B(A−1 + M−1s )B




‖  « ‖ ≤ 1 ¶gszji
 «
= B(A−1 + M−1s )B
? j
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(Σ, U) ∈ Xhsym × Mh

(BΣ, U) = (Σ, B?U) ≤ ‖Σ‖   ‖B?U‖   −1
= ‖Σ‖   (B   −1B?U, U) 12
= ‖Σ‖   (  « U, U) 12

















  −1B?U ¶wzys
(
 «
U, U) = (B
  −1B?U, U) = (BΣ, U) ≤ ‖B‖ ‖U‖Mu‖Σ‖   .
i'Ul
i¶Jrts0ygwzh0j ‖Σ‖2  ~ ¥ £inou
‖Σ‖2  = (   Σ, Σ) = (B?U, Σ) = (BΣ, U) ≤ ‖B‖ ‖U‖Mu‖Σ‖   ,
i'U&2%l
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(Cσ)ij = λσkkδij + 2µσij , (Dσ)ij = λγλσkkδij + 2µγµσij ∀i, j = 1, n,
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i,h − sn+1i,h , σni,h − sni,h)
]
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? ∀ l = 1, · · · , L.
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w^yBn  j
szj]3rts©~vwzrxp}uvnxwzyj


















uv£Zs  sz|}uv£{|Kwzp .¥ sp}uvj©|gvwI³grxf
h0ji~i¶z|szSj
Jjih0|grojj
y(jirxsI~uw  Jysh0nt¦Ipji~ dx_}¶
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¢{wIp~¬|g£i~vj
yWuvwIy~¬rojh0w  f
rxj^]¯«Y¶}jiys  s|gusyWurts-h0£uegw  jp}uvnxrxnx~v£
j|Kwzpg:rxji~:£]¦IpBsMuvnxwzyB~  jZr ¥ £
rtsz~"­
uvw  Jyszh0nx¦Wpgjedo._1fSsp´|gwz³grxf
h0j  j0rxsJnx~wz­>£irxsI~uw  WyBsh0nx¦WpgjI§VRZsy~kdx_&fDrxji~szp}uvjipg~©|g£i~vj
yWuj
yWuZrxji~
|gnoyBnx|Bj]~  j(³Bsz~vj  j(rts5h0£uegw  j|Kwzpg-pgyO~vJ~"uvfih0j(eJW|Kj
³Kwzrxnx¦Wpgj  pO|gvjih0nojiwz  jz¶µj
uqnxrx~-roj]~-s|g­
|grxnx¦WpgjiyWu-sp} £]¦WpsMunowIy~  j0r ¥ £


















wzh0|BwI"ujG¦Wpgj  j]~  £ivnxz£iji~|ssrxrxf
rxji~Z¤(rts




















yWuvwIy~rxsh0£uegw  j|Kwzpgpgyjq±ÄwIvhqpgrtsMuvnxwzy  £i|grxsIjihGjiyWu"­ wzyWusznoyWuvjGsp ~"j]wIy  wI  vjGj
y!uvjih0|~  ji~













ρ ∂2t u −
"L9N\
σ = 0,
Mτ s + M ∂ts − ε(∂tu) = 0,




















ρ ∂2t u = D2∂x2σ + D1∂x1σ,
Mτ s + M ∂ts = E2∂2x2tu + E1∂2x1tu,
Aσ −A s = E2∂x2u + E1∂x1u,
i_Il
szj]











, E2 = (D2)
t ju E1 = (D1)t.
«µj~v}~uf
h0j i_Il,ji~"u{srxwz~,£]¦WpgnoMszrojiyIu©¤ 









ρ ∂2t u2 = D2∂x2σ,
Mτ s2 + M ∂ts2 = E2∂2x2tu,









ρ ∂2t u1 = D1∂x1σ,
Mτ s1 + M ∂ts1 = E1∂2x1tu,










d1 = 0 d1 > 0
x2
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x1
¢{wIp~Z~"pg||BwW~"wIy~¦WpgjGrxjq~vpg|g|Kwzvu  j]~{±ÄwIy8unowIy~noygnouvntsrxji~Zj]~uwzyWuj

















jGsIji-rxswIpegjz§U®By .¥ nxyIuvw  pnojqrxji~uj
hGj]~ .¥ sz³~vwz|}uvnxwzyµ¶KygwIp~Zsz|g|BjirowIy~r ¥ noyWuj
|gv£
us­




 jMsnts³grxj  sy~:rxj|grtsywzh0|grxj}j


































−ρ ω2u1 = D1∂x1σ,
Mτ s1 + iωM s1 = iωE1∂x1u,
Aσ1 −A s1 = E1∂x1u.
i_zk%l
{||gront¦WpgwzyB~rojeszygzjih0j








−ρ ω2(iω + d1(x1))u1 = iω D1∂x1σ,
(iω + d1(x1))Mτ s1 + iω(iω + d1(x1))M s1 = −ω2 E1∂x1u,























iωU1 = (iω + d1(x1))u1,
iωΣ1 = (iω + d1(x1))σ1,

































ρ ∂2t U1 = D1∂x1σ,
Mτ S1 + M ∂tS1 = E1∂2x1tu,
AΣ1 −AS1 = E1∂x1u,
∂tU1 = ∂tu1 + d1(x1)u1,
∂tΣ1 = ∂tσ1 + d1(x1)σ1,
























































ρ (∂2t u1 + d1(x1)∂tu1) = D1∂x1σ,
Mτ s1 + M ∂ts1 = E1∂2x1tu,
AΣ1 −A s1 = E1∂x1u,




yWurojqhGw  firojG^]¯« i  sy~rxs  nxvj]8uvnxwzy  ji~
x1
l©sI~v~vw}nx£-sp´|gwz³grxf






















u = u2 + u1 ; σ = σ2 + σ1,
ρ ∂2t u2 = D2∂x2σ ; ρ (∂
2
t u1 + d1(x1)∂tu1) = D1∂x1σ,
Mτ s2 + M ∂ts2 = E2∂2x2tu ; Mτ s1 + M ∂ts1 = E1∂2x1tu,
Aσ2 −A s2 = E2∂x2u ; AΣ1 −A s1 = E1∂x1u,
∂tΣ1 = ∂tσ1 + d1(x1)σ1.
i_Il
yGuvsnouvj  jrtsh 
h0j:±²s!
wzyGpgygj{wIpegj:^]¯«  sy~Drts  nxvj]8unowIy  j]~
x2
ju3®yszrojih0j
yWuYrojh0w  firoj^] «
z£iyg£





















u = u2 + u1 ; σ = σ2 + σ1,
ρ (∂2t u2 + d2(x2)∂tu2) = D2∂x2σ, ρ (∂
2
t u1 + d1(x1)∂tu1) = D1∂x1σ,
Mτ s2 + M ∂ts2 = E2∂2x2tu, Mτ s1 + M ∂ts1 = E1∂2x1tu,
AΣ2 −A s2 = E2∂x2u, AΣ1 −A s1 = E1∂x1u,
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Dwzpg0r ¥ sz|g|gw}nohsMunowIyOwIy p}unorxnt~"j5rts!hG£
uvegw  j  ji~£iro£ihGjiyWu~G®ygnt~h0noWuji~sIjiwIy  j
yB~vsuvnxwzy  j
hsz~~"j|gv£]~"jiyWuv£










































uh = uh,1 + uh,2, σh = σh,1 + σh,2, sh = sh,1 + sh,2,
Mu








































(Bm)i,j = bm(ω, φj) =
∫
Ω








dm(xm) φi : φj dx, 1 ≤ i ≤ N2, 1 ≤ j ≤ N2
|BwIpg
m = 1, 2.
i²W+l
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sz~  ji~h0w  f
rxji~  j jUj
ygjiZI£
yg£iszront~v£i~¦Wpgj0ygwzp~£
uvp  nowIy~  syB~j0uvsMsnxr^¶Upgyj  nª±Ç­
®B
pgrªu£  jhGw  £iront~sMuvnxwzy·j]~uGroj
srtsIj  j














¶Yszp |szszzs|gej g§ g¶Dygwzp~0h0wIyIuvwIy~0wIhGh0jiyIuwIy |Kj
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yBjz§.¨©ygj-±²s wIy .¥ £up  nxj
j


















 szy~:rojisz~ .¥ pgygj  nxh0j
y~vnxwzy5~"p|B£ivnxj
pgjiÄIwznx g§ 2%l8§BywIy~"n  fivjrtsqrxwzn  jwzh0|KwzvuvjihGjiyWu5i_³Vl 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M = <e (M) + i=m (M),
j¦Wpgnµnxh0|grxnx¦Wpgj






ji~"u-r ¥ syzrxj  j  £
|esz~sIjGjiyWuvjrxs¯
wzyWuvsnxyWuvj0juqrxs  £





sI~ µ¥ pgy h0nxronxj
p £
rtsz~"uvnt¦Wpgj i





¶ µ¥ w , <e (M) = µ ¶ =m (M) = 0 j
u ϕ = 0 ¶.j0¦WpgnDj
yWuvs 	Çygj0¦Ipjqrts|Bsvuvnxjqnxhsznxysznoj
=m (M) 
szsI8uv£ivnt~vjrxs  nx~~"nx|suvnxwzy  ji~h0w  f
rxji~©Wnt~wJ£
rtsz~"uvnt¦Wpgji~i¶g|sz©wIyIuvj-rxs|Bsvuvnxjv£ij























®ygnS|Bsr ¥ £]¦IpBsMuvnxwzy i^I+l¶~vwzyWu  wzyyg£
j]~
|sz
<e (M) = µ1 + ω
2τ1τ0
1 + ω2τ20





















































ji~"uSIszy  ¶|grxp~SnorKGs µ¥ szhGwI"unx~~vj
h0j
yWui§
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j|sz  ji~Z±²sI8uvjipg~  j0¦Wpszronouv£0wIy~"usyWu~



































































rtsMgsMunowIyG|Kwzp¬sIwznxYpgy±²sI8uvjipg  j¦Wpszronouv£Z¦IpBsz~vnª­ wIy~usyWuS~vpg,pygj©³szy  j  j{±Ä£i¦Wpgjiyj  wzygyg£ijz§gy






l σ̇l = µε(u) + µτ
1
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l = 1, · · · , L ~vwzp~¬rtsG±Äwzh0j























  ji~hGw  firoj]~¤(±²szuvj









y0roj¬±²szuvjipg  j¦IpBsrxnªu£  wzygyg£
Q0









sr>§d U.fgwzyWu3p}unorxnx~v£|Kwzpg3h0w  £









































yWuv£ij  sy~ dÏ}f|BwIpgpgyh0w  f
rxjZI£
yg£iszront~v£  j-] sM ,jiror.¤0ygwzuvj|gvwI³grxf
h0jz§























0 , k = 1, · · · , K,
iiSl
szj]
K = 2L − 1 ju {ω̃1, · · · , ω̃K} pgygj~vpg³  noJnt~"nxwzy  j(r ¥ nxyIuj



























k = 1, · · · , K, l = 1, · · · , L, iÄnxn l
γ = (γ1, · · · , γL)t ∈
  L, q = LQ−10 (1, · · · , 1)t ∈




h0j(rxnoyg£]snxvjygj  wIygygj|sz~uvwzpwzpg~  ji~
















































uvegw  j]~ d z1f>§g¢©wzp~
szwIy~©ewznt~"n .¥ pguvnxront~"jirxsvwIp}uvnxygj 1c. ? 	Mº   jm}

















































SL̃ = {1, · · · , L̃}uvjirorxj¦Wpgj
γα(l) 6= 0 ∀l = 1, · · · , L̃
j
u
γ̃α(1) < ... < γ̃α(L)


































γα(l), l = 1, · · · , L̃,
τ0,l = ω
−1
α(l), l = 1, · · · , L̃,
τ1,l = τ0,l(1 + γ̃l), l = 1, · · · , L̃.

#Yy£i
sz|gnouvpgrtsyWui¶}r ¥ srxzwznouvegh0j  jrxsGh0£uegw  jji~"u  wIygyg£|s 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 ω̃k = ωa e
(k−1)∆ω ∀ k = 1, · · · , K.






















k = 1, · · · , K, l = 1, · · · , L j
u e = (1, · · · , 1)t ∈   K §
   R£®yno 
E = {γl > 0 / γ = (γ1, · · · , γL)
~vwzrxp}uvnxwzy  j
(110)}




















τ1,l = τ0,l(1 + γ̃l).
 
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RZsy~Grxjisz~ .¥ pgy h0norxnojip nt~vwuvwz|Kj  j  noh0jiy~"nxwzy












σij + τ0σ̇ij = λ[εkk + τ0γλε̇kk]δij + 2µ[εij + τ0γµε̇ij ] ∀ i, j = 1, n
¨{yj syszro}~vj5|swzy  j]~|grtsygj]~  szy~ dÏ}¶ 2&fygwIp~s |Kj
h0nx~  j¯h0wzyWuvj




p}uW|Kji~ µ¥ wIy  ji~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p}sWsyWu,rxjh ihGj±²szuvjipg  jZ¦Wpszronouv£
Qs = 100
j













wzji~v|BwIy  syWu¤  jZ±²snx³groj]~{sh0wI"unx~~"jih0j
















j,|Bsvuvnxj  ji~v£]~"prªusMu~  j¬|vwI|sWsMuvnxwzy µ¥ wIy  ji~
Jnx~wJ£irxsI~unx¦Wpgj]~  sy~py!h0nxronxj
p pgyn  nxh0j
y~vnxwzygygjirYju  sy~rts  j
pgJnxf





















sz,wIy  nt~"|KwI~vj µ¥ pgyj






















f(x, t) = u(0, t) = u(1, t) = 0,
u(x, 0) = u0(x) = sin(πx),















j©|Bs:rxsqh0£uegw  j  j~v£
|BssMuvnxwzy  ji~¬Msnxsz³groj]~
¶














u(x, t) = U(t) sin(πx),
σ(x, t) = Σ(t)π cos(πx),













Ü + π2Σ = 0,
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+ π2U = 0,

















η ± iω∗ ~"wIyIurxji~{~vwzrxp}unowIy~  j
τ0X
3 + X2 + τ1π












wzh0h0j|ssh0fuvj]~  j  nt~£uvnt~sMuvnxwzy
∆t = 0.01
iÄI£



















yWuvjq~"pgrxs®zpgj(Irxs(szvntsMunowIy  j |uexa − unum| j
y±ÄwIy8unowIy  p5uj
h0|~ju  jqr ¥ ji~v|sIjj








uvnxwzy  p0uvjihG|B~S|Kwzpg,roj]~  jip}(~"wIropguvnxwzy~Sjgszuvjju¬yJpgh0£
nx¦WpgjI§Ia|Bsvuvnx  j]~3®Ipgvj]~Yno­  ji~~"wIp~i¶wzy(Iwznou
¦Wpgj¬roj¬~veg£ihs{yJpgh0£


















WsrS¤5§ i ≤ ° D« )Zg§ g]+_%U+l8§ Rszy~rxjus­³grxjiszp -ygwIp~ZszwzyB~{|g£i~vj
yWuv£-rxsygwzh0jnxy}®ygnxj  jqr ¥ jivj















p¬j]~u µ¥ wI  j}§
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+/  &	 V
x = 0.5
 & /'	&&    V
h ∆t ‖uexa − unum‖∞
10−1 9 10−2 6.11162 10−03
5 10−2 4.5 10−2 1.46935 10−03
2.5 10−2 2.25 10−2 3.61645 10−04
1.25 10−2 1.125 10−2 8.97108 10−05
6.25 10−3 5.625 10−3 2.23409 10−05
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yWuju{pgyj|gropB~zsy  jJnouvji~~vj  j|gvwI|sWsMunowIyµ§
ÂÄÃÅµÂÇÆ
 




y s||gront¦WpsyWurtsh0£uvew  j
^]¯«!sp|gvwI³grxf
h0j{egwIhGwIzfiygj  jrxs-Wnt~wJ£
rtsz~"uvntnouv£I§Jy~ ¥ nxyWuv£ivj]~v~vj©¤rts-~vnxh-pgrtsMunowIy  j©rts|gwz|BsIsuvnxwzy
.¥ wzy  jGJnt~v
wJ£
rtsz~"uvnt¦Ipj  szy~Zpgy!hGnxrxnojip ~vj
h0n3³Kwzyg£








D =]− 1, δ[ j
uwzypguvnxront~"jrts-ji~"uvnt8uvnxwzy  p~eg£ih0syJpgh0£
nx¦Wpgj i^g1l  sy~{roj-isz~.R»szj]  ji~{
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ρ = 1, µ = 1, τ0 = 1, τ1 = 1.2.
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d0 = 45, h = 1/150, ∆t = CFL h, δ = 20h.
2§{«µji~


































u©¦Wp ¥ jirorxji~~vwzyWu{sh0wI"unoj]~  sy~:rts0wIpegj
[0, δ]
§
−3 −2 −1 0 1 2 3
T=0.4
−3 −2 −1 0 1 2 3
T=0.8
−3 −2 −1 0 1 2 3
T=1.2
−3 −2 −1 0 1 2 3
T=1.6
  

































































δ δ δ 
δ δ δ 
δ δ δ 
  # g 0 $	(*) & +H,.	/0.1	k&/0&0-&    "-,10/P/0&/ g   






Ω = [0, 10] × [0, 10] jupgyhsnxrortsIj©£
Ipgronxj
:wIh0|BwW~"£  jZisv£]~  jwzuv£
h = 0.1




wIy  nouvnxwzy  j~"us³norxnªu£






























f(x, t) = F (t)~g(r), r =
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g(r) = (1 − r
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τ0 = 0.7, τp = 1.0133, τs = 1.01470
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xs = 135 m
5
zs = 805 m
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